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Linear parabolic-transport systems on the torus

Oif — BO2f + ADf + Kf = ul,, in(0,T)xT

0 0 A A Ki1 K2 u
(0 D) <A21 Azz) <K21 Kn) * uz
R(Sp(D)) C R%: A’ diagonalizable
Sp(A)CR

State: f: (0, T) x T — R Control : v: (0, T) x T — R
f(t3X):(f1af2)(t7X)€Rd1 XRdzv d:d1+d2

(0r + A0y + Ki1) i + (A120x + K12) fa = i1 1y, in (0, T)
(0r — D2 + Aoy + K22) fo + (A210x + Ko1) i = o1, in (0, T)

x T
x T

Two coupled systems : transport of size d;, parabolic of size d>.

Well posedness :
Vfy € L2(T)4, u e L2((0, T) x T)4, 3'f € CO([0, T], L3(T)Y)

Notation : £f(T) = S(T; fo, u)



Oif — BO2f + ADf + Kf = ul,, in(0,T)xT

0 0 A A K1 Klz) <U1>
<0 D> <A21 A22> <K21 Kn) uz
R(Sp(D)) C R% A’ diagonalizable
Sp(A') C R

Null controllability : Vfy € L?(T)?, 3u € L2((0, T) x T) / f(T,.) =0.
For which T > 07 With less than d controls?  For which 7

© Identify the minimal time for null controllability with u(t, x) € R¥.
@ Use controls u = (uy, up) acting

e only on the transport component u = (uy,0),
e or only on the parabolic component u = (0, uy).

© Understand the influence of the algebraic structure (A, B, K, M) on
the null controllability.
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Ex 1 & biblio : 1D linearized compressible Navier-Stokes

p, v = density, velocity of the fluid, a,~, u > 0,

Orp + Ox(pv) = 1 (t, x)1, in(0,T)xT
plOsv + vO,v] + Ox(ap?) — ud2v = ua(t, x)1u(x) in (0, T) x T

Linearization around constant stationary state (p,v) € RY x R*

Orp + VOxp + pOxv = ur(t,x)1y in (0, T) x
Opv + VOV + ap? 20, p — %va = up(t,x)1,(x) in(0,T) X% 'H‘

Ervedoza, Glass, Guerrero, Puel 2012 : 2 boundary controls on (p, v).

Spectral methods : separate variables, T > 27”

Chowdhury, Mitra, Ramaswamy 2014 : u = (uy, uo)

Chowdhury, Mitra 2015 : u = (0, u2), (po, vo) € H™5" x H%5' (T)
Chowdhury, Mitra, Ramaswamy, Renardy 2014 : u = (0, uy),

(po, vo) € H' x L(T) optimal
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Ex 2 & biblio : Wave equation with structural damping

Ry — 8y — 0:0%y + bdey = u(t, x),
This equation splits into a parabolic-transport system by considering
z:=08y — Oy +(b—-1)y,
Orz+z+ (1 —b)y = u(t,x),
Oy — 02y —z+ (b—1)y =0,
Rosier, Rouchon 2007 : 1 boundary control on y, obstruction to spectral
controllability = accumulation point in the spectrum

Martin, Rosier, Rouchon 2013 : moving control h = u(t,x)1, + CVAR

Orz—cOxz+z+ (1 — b)y = u(t, x)1,(x) xeT
Ory—cOyy — %y —z+(b—1)y=0 xeT

Moment method : (yo,y1) € H®®' x H™5'(T), T > 2

Chaves-Silva, Rosier and Zuazua 2014 : multi-D, h = u(t, x)1,1)(x)
Carleman estimates for PDE and ODE with the same singular weight,
adapted to the geometry of the moving control support.

— Failson T.  Guzman, Rosier 2019 : New weight construction on T2,
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Ex 3 & biblio : Heat equation with memory

{ Oy — Ay — fot Ay(r)dT = ul, (t,x) € (0, T) x Q

y(t,x)=0 (t,x) € (0, T) x 00
This equatlon spllts |nto a parabolic-transport system by considering
v(t,x) = — fo w7
Ov+ 0y =0

Oty — 8)2(y—|—8xv = ul,
y(t,0) =y(t,1) = v(t,0) =0

Ivanov, Pandolfi 2009 : not null controllable "to the rest’.
Guerrero, Imanuvilov 2013 : not null controllable whatever T > 0
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Related ex : Linear system of thermoelasticity

02w — Aw + af =0, (t,x) € (0, T) x Q,
0:0 — v + BOw = 0, (t,x) € (0, T) x Q,
w(t, x) = u(t, x), (t,x) € (0, T) x 09,
0(t, x) = ua(t, x), (t,x) € (0, T) x 99,

Albano, Tataru 2000 : boundary control on (w, ) on 9, null
controllability in large time, Carleman estimate with same weight

Lebeau, Zuazua 1998 : source control on w, null controllability under
GCC (Q,w, T), subtle proof relying on a spectral decomposition.

We will extend this strategy to parabolic-transport systems of any size.
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Our 3 results  (simplified statement with K = 0)

Oif — BO2f + AD f = ul,, in(0,T)xT

A (A Ap _ ([
B o (0 D> A B <A21 A22> u= <U2
R(Sp(D)) C R% A’ diagonalizable
Sp(A)CR
[KB, Koenig, Le Balc’h 2019 :]

© Minimal time @ when the control acts on each equation
fi« = min [Sp(A')]
@ NSC with hyperbolic control u = (u1,0) when D = I, :
(null controllability in time T > T.in) < (Kalman(Aaz, A21))
© NSC with parabolic control v = (0, uy) :
(null controllability in time T > Tp,) < (Kalman(A', A12))
For fo = (fo1, fo2) € HAFL(T)% x HH:HFL(T)%.
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Application to examples

© 1D linearized compressible Navier-Stokes :

Otp + VOxp + pOxv = u1(t,x)1y, in(0, T)xT
Orv + VOV + ap? 20,p — %8fv = w(t,x)1,(x) in(0,T)xT
positive result in optimal time T, = Z(g\*“) (1 or 2 controls)

negative result when T < T,

© Wave equation with structural damping :

Otz — cOxz+z+ (1 — b)y = u(t, x)1,(x) in(0, T)xT
Oy —cOyy — 02y —z+(b—1)y =0 in (0, T)xT

static control (c =0) :

negative result VT > 0 with u = u(t, x) i.e. non separate variables
moving control (c #0) :

positive result in optimal time T ;s

optimal functional spaces : (yo, z0) € L?(T)?

negative result when T < T,
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Spectral analysis of £ := —B92 + A9, (x € T)

(0 0 (A Ap
5=(o ) 4= a)
R(Sp(D)) C R% A’ diagonalizable

Sp(A) CR

If X € C and e,(x) = e™ then L(Xe,) = (n®B + inA)Xe, = n’E () X
where E(z) = B + zA is an analytic perturbation of B.

Projections on C? analytic wrt z :
o Pl(z) satisfies E(z)P}(z) = uzP)(z) + 22Rl}(z) for any . € Sp(A')
@ PP(z) satisfies E(z)PP(z) = B + O(z2)
o PP(z)+ Zuesp( oy PR = g

Key point : P(z) = 3% [,(E(z) — ¢l4)d( for appropriate Q

Well posedness in L?(T) : diagonal & uniform bound wrt n € Z

e E/X]| < ‘ (B +0(n)t pp (’) X‘Jr im0 ph (’) X’ < CIX|
n n
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{(T\w)

s

Proof of the negative result in time T < T =

0 0 A A
— B2 _ _ _ 12
0:g — Bozg + Adkg =0, B = <O D> A= <A21 A22>
R(Sp(D)) C R% A’ diagonalizable
Sp(A)CR

Construction of a counter-example to the observability inequality

h
18(T, )y < C / / (8, %) Pt

Rk : If rk(B|...]|A"1B) = d then there is no pure transport solution.

Let x be such that the support of (t,x) — x(x + ut) does not intersect
(0, T) x w. Let xn(x) := Pn(—idx)x(x) = 3=, >y Pn(n)ca(x) e, where
Pn(X) :==N_nc<jen(X —j) so that Supp(xn) C Supp(x). Let
X e Im[PS*(O)].
gn(t.x) = 3 Pu(n)c,(x)em et (I ph (1) X
[n|ZN
= xn(x+pt)e®OX + 0 (%)

N— oo
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Theorem 1 : Null controllability in time T > T,

0 0 A A
— 2 e —= =
Oef — BOf + ADLf = ul,, B (o D) A (A21 Azz)
R(Sp(D)) Cc R% A’ diagonalizable
Sp(A) C R

Theorem 1 : [KB, Koenig, Le Balc’h 2019 :]

Let Tpmin < T < T and fy € L2(T)“.

There exists u = (uy, u2) € L2((0, T') x w)® x C2((T', T) x w)% such
that 7(T,.) =0.

Equivalent observability inequality for the adjoint system :

¥s € N,3C > 0/Vgo € LAT) |lg(T)llezemy < G [llgnllezar) + llg2lli-+(qn)]

Rk : The weak H~*-observation will help in eliminating the observation
of g» to get controllability with v = (u1,0) (Theorem 2).
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Control strategy

Adapted decomposition : L2(T)? = F® @ FP @ F" with ng 'large enough’
e @ e @nlee e @n[()
P ce., F @Im{P )| F P m|P )] en
[n|<no [n|>ne [n|>ne
Associated (non orthogonal) projections M°, M7, nh, N=ne+nh
Controls u = (up, up) : up € L2((0, T') x w)%, u, € C((T', T) x w)%.
@ Null controllability on a subspace G of L2(T)? with finite
codimension : Vfy € G, Ju such that NS(T; fp,u) = 0.

@ Unique continuation argument (for eigenfunctions) to control the
finite dimensional space too.

To prove the first point :
Q Vo, up, Jup, such that N"S(T; fy, (up, up)) =0
@ Vfy, up, Jup such that MPS(T; foy, (un, up)) =0

© Fredholm alternative. ~ Compactness of CZ° in 12
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Control of the hyperbolic high frequencies (T < T' < T)

Goal : Vfy € L2(T), u, € L2((T', T) x )%, Fup € L2((0, T') x w)®
such that N"S(T; fy, (up, up)) = 0.

© Reduction to an exact controllability problem :
Vfr € F' 3u, € L2((0, T') xw) / Nh"S(T";0,(up,0)) = frr

@ Equivalent observability inequality : 3C > 0 such that
= T
vgO € Fh7 HgOH%Z(T)d < Cfo fw ‘gl(t7x)‘2dth

© For go € F", the solution of the adjoint system solves a transport
equation, 'up to a compact term’ = weak observation :

Veo € Fl'y llgollzerys < € (llg1lliz(qr) + lgolln-1(rye)

© + unique continuation argument, to remove the H~1-norm

@ + sum to conclude on Fh

Key point : Spectral analysis.
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Control of the parabolic high frequencies (T, < T' < T)

Goal : Vfy € L2(T)?, up € L2((0, T') x w)®, Ju, € C2((T', T) x w)
such that MPS(T; fy, (up, up)) = 0.

© Reduction to a null controllability pb :
V7 >0,f € FP,3u, € C((0,7) x w)%/ MPS(7;f,(0,up)) =0
Important choice of the control supports : 7 =T — T’
@ Equivalent observability inequality
fort T
vgO S FP7 HgOHiZ(T)d < Cfo fw |g2(t7X)|2dth
© Equation satisfied by the parabolic components :
For z small enough, X € Im[PP(z)] & X1 = G(2)X>
Forgo € FP, g1 = Gg» = Z\n\>no G (ﬁ) cnlg2)en
(8t — D@f — A22(9X)g2 — A218X[Gg2] =0

© Lebeau-Robbiano’s method, 'by bloc’, produces smooth controls
up € C°.
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Theorem 2 : Hyperbolic control

Simpler proof with zero order coupling.

{ (8t + Alax + Kll) f1 + (A128X + K12) fz = Ullw in (O, T)
in (0, T

x T
(0 — 02 4+ K2) fa + Ko1fy =0 in (0,7)xT

Theorem 2 : [KB, Koenig, Le Balc'h 2019 :]
Null controllability in time T > T, < Kalman condition

Span{Kax Ko1 X1; X1 ER®,0< j < dp — 1} = R%

Necessary : X;(t) + (n?lg, + Ka2)Xa(t) + Ko1 X1(t) = 0 must be
controllable with state X5 and control Xj.

Sufficient : We know that ||g( T)”LZ g C [Hgl”/_z(qT) + Hg2||H_2d2+1(qT)].

Under Kalman condition, a bloc structure allows to prove
&2/l H—202+1(q7) < Cll&1llL2(q7)
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Elimination of ||ga||j-24+1(4,) when dy = 1

Up to a change of basis on R%

0o ... ... 0 Co
: 1
1 0 . 1 0
Ko = 0 -. 6 and Ky = :
: . .0 : 0
0 ... 0 1 Cdr—1

Thus, in the adjoint system
(at — A0, + KH) g1+ Kon"ga =0
(0 — 02 + Ka") 2 + (—(A12P) "0, + (Ki2P)") g1 = O
for every i € {2,...,d>}, the i-th equation is
(0r — 0%)gh ' + gb + bj_10x81 + ai_181 = 0

thus  [|g3llp-2i2(q) < C (Hg2i71||H*2("*1)+1(q7—) + llerllz(qn))
and the first equation  (9; — A'Ox + Ki1)g1 + g3 =0

gives g3 lln-1(gr) < Cllg1lliz(gr)-
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Theorem 2 : Hyperbolic control, coupling of order one

(0 + A0x + Ki1) i + (A120x + K12) b = 11,
(at - a)2< + A228><) f2 + A218xf1 =0

Theorem 2’ : [KB, Koenig, Le Balc'h 2019 ]
Null controllability in time T > T, < Kalman condition

Span{Ax/ A1 X1; X1 ER®,0< j < dp — 1} = R®
A variation of the proof of Theorem 1 (with u, +— 9%u,) gives the
following observability inequality for the adjoint system
lg(Mllzerye < C (ll81llez(ar) + ||8gzg2||H*2d2+1) .
Then, for i € {2,...,d>}, by applying 9.1 to the i-th equation
(8,_» - 5’5) gé_l + 0xgs + bi—10xg1 + ai_181 = 0

we get  [0ighlln-2ira(gry < C (10 85 lm-20-243(gr) + llgalliz(ar)-
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Theorem 3 : Parabolic control

(0 + A'0x) fL + A120xf = 0
(0r — DOZ + A0y + K2) fo + (A210x + Ka1)i = 2y,

Theorem 3 : [KB, Koenig, Le Balc'h 2019 :]
Null controllability in time T > T, of any
(2, £2) € HAFY(T)% x H%:+1(T) is equivalent to the Kalman condition

Span{(A'YA1xXo; Xo € C=,0<j<dy—1} =C*

Rk : A regularity assumption is necessary.

Ex - { (0r + cOx)fi + 0xfo = 0, in (0, T) x T,
"1 (0 — 02+ cOx)fa = v(t,x), in(0,T)xT.

An initial condition O = (2, £0) € L2,(T) x L2(T) is null controllable

with v € L2((0, T) x T) if and only if f5; € HY(T).
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© Equivalent observability inequality :

18T oo C/‘/ﬁtxlwm

@ By the same elimination strategy, it suffices to prove

& (T li-ononiry < € (102 8all-carnmys + lg2llisian)]

(d1 — 1) eliminations cost 1 derivative + 1 cost 2 derivatives

© We need to control the H%+1-hyperbolic dynamics with controls
0% up where up € H3*1((0, T') x w). This is ensured by the
control construction in [Alabau, Coron, Olive 2017].
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Progress, open problems and perspectives

What is new :
@ Extension of the Lebeau-Zuazua's strategy to systems of any size.

@ We don't need eigenvalues/eigenvectors, only projections on
generalized eigenspaces. Kato's perturbation theory.

@ The 'bloc’ Lebeau-Robbiano’'s method produces arbitrary smooth
controls.

@ Negative results in T < T,y with u = u(t, x).
Open problems :
@ Optimal regularity assumption on fy when u = (0, up)?
@ With less controls?
@ Unique continuation in small time?
@ Higher dimension ?

@ Non constant coefficients ?

K. Beauchard



