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Control systems

In a given Banach space X
Dynamical system: v = f(u,p)
T
control function

where
e u:[0, T] = X is the state variable

e p is the control
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Additive control for linear systems

u'(t)+ Au(t)+ Bp(t)=0 te][0,T]
u(0) = wg
where

* A: D(A) C X — X is the infinitesimal generator of a strongly continuous semigroup of
bounded linear operators on X

e B:D(B) C X — X is a linear operator on X that can be either bounded (locally
distributed control) or unbounded (boundary control)

e p:[0, T] — X is the control
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Bilinear control system

u'(t) + Au(t) + p(t)Bu(t) =0 te [0, T]
u(0) = wp

In this talk:
e the state space (X, (-, )) is a Hilbert space
e B: X — X is a bounded linear operator
e p:[0, T] — R is scalar function
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What are the difficulties?
The map® :p+— uis

Additive control: Bilinear control:
v+ Au+Bp=0 v+ Au+pBu=0
u(0) = up u(0) = up

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 5/ 34



What are the difficulties?
The map® :p+— uis

Additive control: Bilinear control:
v+ Au+Bp=0 v+ Au+pBu=0
u(0) = up u(0) = up

l |

linear nonlinear
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An obstruction to exact controllability

Bilinear control:

v+ Au+pBu=0
u(0) = wp

Let up € X and denote by u(:; p, up) the unique solution of (1) for p € L} (0, c0).

loc

Theorem (Ball, Marsden, Slemrod 1982)

If dim X = oo, then the attainable set from uyg

S(uo) = {u(t; p,uo); t > 0,p € Ljc(0,00)}

is contained in a countable union of compact subsets of X. So, X \ S(up) is dense.
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Motivations

Bilinear controls enter the system equations as coefficients chenging (at least some of) the
principal parameters of the process at hand

z
Examples 4
o by embedded smart alloys, the natural
frequency response of a beam can be X SMAFG smart beam v Shear layer
changed E Nait-linzar and

o the rate of a chemical reaction can be E’f Winkler laver
altered by various catalysts and/or by th m&%ﬁﬁi

speed at which the reaction ingredients : ()
are mechanically mixed T r
| Fq.llm !
—kY h, Fij eore
4
¥

SFAl Gk SFA3
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A simplified model of a nuclear chain reaction

A chain reaction refers to a process in which neutrons released in fission produce an additional
fission in at least one further nucleus. This nucleus in turn produces neutrons, and the process
repeats. The process may be controlled (nuclear power) or uncontrolled (nuclear weapons)

surrounding medium . (.
e v(t,x)u neutrons provided by the F'“‘Ge“era‘“‘“

collision of the particles in the reaction .
with the surrounding medium Second Generatmn

Third Generatlon

up = a?Au + v(t, x)u Na“tmns

e u(t,x) > 0 neutron density in the ,/ .
reaction q

e v(t,x) > 0 neutron amount in the

L
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Schrodinger equation

The Schrodinger equation is a linear partial differential equation that describes the wave
function or state function of a quantum-mechanical system

e = =D — p(t)pu(x)

e 1) wave function of a particle w ol
o p amplitude of the electric field — I A
o 1 dipolar moment of the particle o i
WL Al
¥ 12
VAN ,f\
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A look at stabilization

o A, T
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A look at stabilization

Figure: Jean-Pierre inspired by James Stewart
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Notions of stabilizability
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Notions of stabilizability

v+ Au+pBu=0 (t>0)
(2)
u(0) = wo
Let p € L}, (0,00) and let &p € X
Definitions
o (2) is locally stabilizable to u(-; bo, p) if 36 > 0 such that for all uy € Bs(dp) there exists

1
p € L;,.(0,00) such that lim ||u(t; wo, p) — u(t; To, p)|| =0
t—+o00

e SNEEE'THTMMMMMMM

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 12 / 34



Notions of stabilizability
v +Au+pBu=0 (t>0)
(2)
u(0) = wo
Let p € L}, (0,00) and let &p € X
Definitions
o (2) is locally stabilizable to u(-; bo, p) if 36 > 0 such that for all uy € Bs(dp) there exists
1
p € Li,.(0,00) such that lim [|u(t; uo, p) — u(t; o, p)|| =0

o (2) is locally exponentially stabilizable to u(-; Ty, p) if A M, 4§, p > 0 such that for all uy € Bs(ip)
there exist p € L}, (0, oc) satisfying
[|lu(t; uo, p) — u(t; do, p)|| < Me™ "t vVt >0
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Notions of stabilizability
{u’—i—Au—i—pBu:O (t>0) )
u(0) = wo
Let p € L}, (0,00) and let &p € X
Definitions

o (2) is locally stabilizable to u(-; bo, p) if 36 > 0 such that for all uy € Bs(dp) there exists

1
p € Li,.(0,00) such that lim ||u(t; uo, p) — u(t; do, p)|| =0
t—+o0

o (2) is locally exponentially stabilizable to u(-; Ty, p) if A M, 4§, p > 0 such that for all uy € Bs(ip)
there exist p € L} (0, c0) satisfying

loc
[|lu(t; uo, p) — u(t; do, p)|| < Me™ "t vVt >0

o (2) is locally superexponentially stabilizable to u(-; G, p) if for any p > 0 there exists 6 > 0 such
that, Y up € Bs(dp), it holds that

\lu(t; wo, p) — a(t; @, P)|| < Me=" V¥t >0

for some constants 3M,w > 0
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Assumptions

Let (X, (:,-)) be a separable Hilbert space and A: D(A) C X — X a densely defined linear
operator with the following properties:

(a) Ais self-adjoint
(b) (Ax,x) >0 Vx € D(A)
(c) D(A) C X is compact
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Assumptions

Let (X, (-,-)) be a separable Hilbert space and A: D(A) C X — X a densely defined linear
operator with the following properties:

(a) Ais self-adjoint
(b) (Ax,x)>0  Vxe D(A) (3)
(c) D(A) C X is compact

l

1. X has an orthonormal basis {¢k }ken+ of eigenvectors of A
2. the eigenvalues {Ax}xen+ of A are nonnegative and Ay — 400 as k — +o0

3. —A generates a strongly continuous semigroup of contractions e~ tA
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Preliminaries

Given T > 0, consider the bilinear control problem

{

u'(t) + Au(t) + p(t)Bu(t) =0, te[0,T]
u(0) = up

where B € £(X) and p € L?(0, T)
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Preliminaries
Given T > 0, consider the bilinear control problem

{ u'(t) + Au(t) + p(t)Bu(t) =0, te€l0,T]
u(0) = up
where B € £(X) and p € L2(0, T)
Consider system (4) with p = 0:
{ u'(t)+Au(t)=0, tel0,T]
U(O) = 1.

The solution |11 (t) = e *%p; | is called the ground state solution
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Preliminaries
Given T > 0, consider the bilinear control problem

u'(t) + Au(t) + p(t)Bu(t) =0, te[0,T] 4
u(0) = up (4)

where B € £(X) and p € L2(0, T)
Consider system (4) with p = 0:

U(O) = 1.

The solution |11 (t) = e *%p; | is called the ground state solution

{ u(t)+Au(t)=0, tel0,T]

Remark

If (Ax,x) > v|x|? (v > 0), then p = 0 yields
lu(t) = a(e)] = [le™ w0 — e~ Peull < e uo — u ]

So, (4) is locally exponentially (but not superexponentially) stabilizable to ),
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Superexponential stabilizability

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t >0)
u(0) = up
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Superexponential stabilizability

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
u(0) = up

Theorem

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

v)\k+1—\/>\_k2’y Vk >1
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Superexponential stabilizability

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
u(0) = up

Theorem

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

Vaii — VA >y Vk>1

Let B : X — X be a linear bounded operator with the following properties:

—2AkT
< 00

oo
e
(Bor,ok) #0 Yk>1 &  37>0 suchthat > ————
— |(Be1, ¢x)|
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Superexponential stabilizability

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
u(0) = up

Theorem

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

Vaii — VA >y Vk>1

Let B : X — X be a linear bounded operator with the following properties:

—2AkT
< 0

o0
e
(Bo1,0k) #0 Vk>1 & 37 >0 such that g TR
— |(Be1, ¢x)|

Then, ¥ p >0, 3R > 0 such that any ug € Br(p1) admits a control p € L2 (0,00) such that

llu(t) — pu(t)]] < Me™?e" Mt v >0

where M and w are positive constants depending only on A and B
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Sketch of the proof, A\ =0

Fix T > 7 where 7 > 0 is given by (x)

{ u'(t) + Au(t) + p(t)Bu(t) =0, t€[0,T] { Pi(t) + Ae(t) =0, t€]0,T]
u(0) = uo $1(0) = ¢1
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Sketch of the proof, A\ =0

Fix T > 7 where 7 > 0 is given by (x)

{ u'(t) + Au(t) + p(t)Bu(t) =0, t€[0,T] { Pi(t) + Ae(t) =0, t€]0,T]
u(0) = uo, ¥1(0) = ¢1.

vi=u—1
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Sketch of the proof, A\ =0

{ VI(t) + Av(t) + p(t)Bv(t) + p(t)Bi1(t) = 0,
v(0) = vo = up — o1,

te [0, T] (where T > 7)
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Sketch of the proof, A\ =0
{ V/(t) + Av(t) + p(t)Bv(t) + p(t)Biyx(t) = 0, { v(t) + Av(t) + p(t)By1(t) =0,

v(0) = vo = ug — o1, v(0) = vp.
tel0,T] (where T > 7)
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Sketch of the proof, A\ =0
{ V/(t) + Av(t) + p(t)Bv(t) + p(t)Biyx(t) = 0, { v(t) + Av(t) + p(t)By1(t) =0,

v(0) = vo = up — 1, v(0) = w.
tel0,T] (where T > 7)

0

_',_

o
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Sketch of the proof, A\ =0
{ V'(t) + Av(t) + p(t)Bv(t) + p(t)Byi(t) = 0, { v(t) + Av(t) + p(t)Bya(t) = 0,

V(O) = Vo = Up — 1, \7(0) = .
te [0, T] (where T > 7)

0

_l,_

o
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Sketch of the proof, A\ =0

{ V(1) + Av(t) + p(t)Bv(t) + p(t) B (t) = 0, { v(t)' + Av(t) + p(t)Byr(t) = 0,
V(O) = Vo = Up — 1, \7(0) = .
te [0, T] (where T > 7)

Vo
[}
\
\
\
\
\
V(t; VOvp) N
0.
0 T

Ipll2(0,7) < Atllvoll

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 16 / 34



Sketch of the proof, A\ =0

{ V(1) + Av(t) + p(t)Bv(t) + p(t)Bia(t) = 0, { v(t)' + Av(t) + p(t)Byr(t) = 0,
V(O) = Vo = Up — 1, \7(0) = .
te [0, T] (where T > 7)

\ v(T; vo,p)

.
AY
0%
|
1

o

I
Ipll2(0,7) < Atllvoll
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Sketch of the proof, A\ =0

{ V(1) + Av(t) + p(t)Bv(t) + p(t)Bia(t) = 0, { v(t)' + Av(t) + p(t)Byr(t) = 0,
V(O) = Vo = Up — 1, \7(0) = .

te [0, T] (where T > 7)

Vo
\\\ v(T; vo,p)
V(t:"/07p) \\\
0.
0 T
Iplli20, 1y < Arlivoll — [I(v = 2T = [Iv(T)I < Krllvoll*.
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Sketch of the proof, A\ =0
{ V'(t) + Av(t) + p(t)Bv(t) + p(t)Byi(t) =0, { v(t) + Av(t) + p(t)Bya(t) = 0,
v(T) = vr, v(T)=vr.
te[T,2T] (where T > 7)

\ v(T; vo,p)

0 O-

T 2T

o
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Sketch of the proof, A\ =0

{ v'(t) + Av(t) + p(t)Bv(t) + p(t)Bia(t) =0, { v(t) + Av(t) + p(t)Bya(t) =0,
v(T) = vr, v(T)=vr.

te[T,2T] (where T > 7)

%]
\\\ \v(T; vo, P)
W(tive,p) o V(EV(T).P) T
0% 0e
0 T 2T
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Sketch of the proof, A\ =0

{ v'(t) + Av(t) + p(t)Bv(t) + p(t)Bia(t) =0, { v(t) + Av(t) + p(t)Bya(t) =0,
v(T) = vr, v(T)=vr.

te[T,2T] (where T > 7)

Vo
\\\ \v(T; vo, P)
W(tive,p) o V(EV(T).P) T
0% 0e
0 T 2T

Ipll2(r2m) < Arllv(T)I]
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Sketch of the proof, A\ =0

{ V'((t))+AV(t)+P(f)BV(t)+P(t)31/}1(t)=0, { v(t) + Av(t) + p(t)Bia(t) = 0,
v(T) = vr,

\7( T) = VT.
te[T,2T] (where T > 7)

TN T wew(T)p) 2T; v,
v(t;vo,p) v V(EV(T),P) . WV(2Tivo,p)

\ N\

T 2T
||P||L2(T,2T) < Ar|v(T)]|
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Sketch of the proof, A\ =0

{ V'((t))+AV(t)+P(f)BV(t)+P(t)31/}1(t)=0, { v(t) + Av(t) + p(t)Bia(t) = 0,
v(T) = vr,

\7(T) = VT.
te[T,2T]

TN T wew(T)p) 2T; v,
v(t;vo,p) v V(EV(T),P) . WV(2Tivo,p)

(=) T 2=T
[1pll22(r.2m) < CDATIMTIL NIy = )T = V@I < Krlv(DI? < (1/Kr)(Kr vl )
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Sketch of the proof, A\ =0

{ v'(t) + Av(t) + p(t)Bv(t) + p(t)Bi(t) =0, { v(t) + Av(t) + p(t)Bya(t) =0,
V(2T) = VT,

\7(2 T) = VoT.
te[2T,3T] (where T > 7)

TN T wew(T)p) 2T; v,
v(t;vo,p) v V(EV(T),P) . WV(2Tivo,p)

2T 3T

o
\'- .
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Sketch of the proof, A\ =0

{ v'(t) + Av(t) + p(t)Bv(t) + p(t)Bia(t) =0, { v(t) + Av(t) + p(t)Bya(t) =0,
V(2T) = VT,

\7(2 T) = VoT.
te[2T,3T] (where T > 7)

S _ STV T T~ 2T; v,
7(t; vo, p) . v(t;v(T),p) . \‘i( Vo, P) -
0% O J(tv(2T),p) O°
0 T 2T 3T
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Sketch of the proof, A\ =0

{ v'(t) + Av(t) + p(t)Bv(t) + p(t)Bia(t) =0, { v(t) + Av(t) + p(t)Bya(t) =0,
V(2T) = VT,

\7(2 T) = VoT.
te[2T,3T] (where T > 7)

S _ STV T T~ 2T; v,
7(t; vo, p) . v(t;v(T),p) . \‘i( Vo, P) -
0% O J(tv(2T),p) O°
0 T 2T 3T

||P||L2(2T,3T) < Ar|lv(2T)]]
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Sketch of the proof, A\ =0

{ v/(£) + Av(t) + p(t)Bv(t) + p(t)Byn(t) =0, { v(t) + Av(t) + p(t)Bia(t) = 0,
V(2T) = VT, \7(2T) = VoT.

te[2T,3T] (where T > 1)

W(tivo,p) v V(tv(T),p) h

0- 0*  Y(t;v(2T),p) O°

o
N
|
w
\'

||P||L2(2T,3T) < Arlv(2T)|]
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Sketch of the proof, A\ =0

{ v/(£) + Av(t) + p(t)Bv(t) + p(t)Byn(t) =0, { v(t) + Av(t) + p(t)Bia(t) = 0,
V(2T) = VT, \7(2T) = VoT.

te[2T,3T] (where T > 1)

‘7\(};_ v0, p) \\\\ v(t:v(T),p) h v(3T; vo,p)
0 0 “Y(tv(2T),p) O
0 T 2T 3T
1Plli2eramy < AV li(v = 9)ET)I| = IIVETII < Krllv2T)II” < (1/Kr)(Kr vl )
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The moment method

{ V/(t) + Av(t) + p(t)Bv(t) + p(t) By (t) = 0 { v(t) + Av(t) + p(t)Byu(t) = 0
v(0) = vo = uo — ¢1 7(0) = vo

Lemma
Let T > 7. Then there exists a control p € L2(0, T) such that v(T) = 0. Moreover

1pll 20,7y < ATllvoll (P)
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The moment method

{ V() + Av(t) + p(2)Bv(t) + p(£)By(t) = 0 { v(t) + Av(t) + p(t)Bin(t) = 0
V(O) = Vo= Uy — 1 \7(0) =W

Lemma
Let T > 7. Then there exists a control p € L2(0, T) such that v(T) = 0. Moreover

1pll 20,7y < ATllvoll (P)

Proof. By looking at the Fourier expansion of v, we conclude that v(T) = 0 is equivalent to

-
As _ <V0a90k>
e s)ds = — I~

/0 Pls) (Bo1, k)
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The moment method

{ V() + Av(t) + p(2)Bv(t) + p(£)By(t) = 0 { v(t) + Av(t) + p(t)Bi(t) =
V(O) = Vo= Uy — 1 \7(0) =W

Lemma

Let T > 7. Then there exists a control p € L2(0, T) such that v(T) = 0. Moreover

1pll 20,7y < ATllvoll (P)

Proof. By looking at the Fourier expansion of v, we conclude that v(T) = 0 is equivalent to

T oo
s _ (o, ©k) (vo, k)
e S dS = -—-F

/o Pls) (Bet, ¢k) z:l B<P1,<Pk K(s)

where {0 }>1 is biorthogonal to {e)‘ks}kzl.
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The moment method

{ V() + Av(t) + p(2)Bv(t) + p(£)By(t) = 0 { v(t) + Av(t) + p(t)Bi(t) =
V(O) = Vo= Uy — 1 \7(0) =W

Lemma

Let T > 7. Then there exists a control p € L2(0, T) such that v(T) = 0. Moreover

1pll 20,7y < ATllvoll (P)

Proof. By looking at the Fourier expansion of v, we conclude that v(T) = 0 is equivalent to

T oo
s _ (o, ©k) (vo, k)
e S dS = -—-F

/o Pls) (Bet, ¢k) 231 Bwl,wk K(s)

where {oy}k>1 is biorthogonal to {e**},~1. Bounds for {ok}k>1 and (x) can be used to
obtain (P), thus ensuring that the above series converges in L2(0, T)
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Sketch of the proof, A\ =0

1 n
||V("T)||§K—T(KT||V0||)2 Vn >0

e In any time interval [nT,(n+ 1) T] we prove that

P. Cannarsa (Rome Tor Vergata)

V@Il < Crllv(n DIl nT <t <(n+1)T
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Sketch of the proof, A\ =0
1 n
N V(n T < s (Krllw[)*  ¥n>0
T
e In any time interval [nT,(n+ 1) T] we prove that
(Il < Crllv(nT)|]  nT <t <(n+1)T

e Let 0 € (0,1) and ||w]] < KiT. Combining (8) and (9), we obtain

CT ot/T—1

lu(t) = va (D)l < 20

Vt>0
Kr -
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Sketch of the proof, A\ =0
1 n
N V(n T < s (Krllw[)*  ¥n>0 (8)
T
e In any time interval [nT,(n+ 1) T] we prove that
(Il < Crllv(nT)|]  nT <t <(n+1)T (9)

e Let 0 € (0,1) and ||w]] < KiT. Combining (8) and (9), we obtain

CT ot/T—1

[|u(t) = ()] < =0

Vt>0
Kr -

o Let @ € (0,1) and let p > 0 be the value for which # = e=2”. Rhen 3 R, > 0 such that,
for all ||up — ¢1|| < R,, we have

[u(t) = 1]l < Mre**™" Ve >0

with M+, wr > 0 suitable constants
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Sketch of the proof, \; > 0

We introduce the operator
A1 =A—- )\1/.

Notice that A; : D(A1) C X — X is self-adjoint, accretive and —A; generates a strongly
continuous semigroup of contractions. Its eigenvalues are given by

gk =M — A\,  VkeN*

(in particular, u; = 0) and Ay has the same eigenfunctions as A, {¢k }«>1. Moreover, the
family {1k }k>1 satisfies the same gap condition that is satisfied by the eigenvalues of A
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Sketch of the proof, \; > 0

We define z(t) = e*tu(t). Then

{ Z'(t) + Arz(t) + p(t)Bz(t) =0 (t>0)
z(0) = up.

So, we can apply the previous analysis to this problem:

wTt

l|z(t) — p1]| < Mre™?¢ V>0

Therefore, returning to u,

[lu(t) = ¢r(t)]] = [le 7 2(t) — e M| = e X1||2(t) — ga]| < Mye (PTHMD e >0
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Example 1 (heat eqn, Dirichlet bc)
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Example 1 (heat eqn, Dirichlet bc)

Consider the bilinear control system
e(£,%) — tx(£,%) + PEY()u(t, x) = 0, (£,%) € (0,00) x (0, 1)

u(t,0) = u(t,1)=0
u(0, x) = up(x)

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 21 /34



Example 1

Let X = L2(0,1) and consider the bilinear control system

{ ur(t) + Au(t) + p(t)Bu(t) =0, t € (0,00)
u(0) = uo(x)

where A and B are defined by

D(A) = H2 N H}(0,1), Ap=—92

dx?

B c L£(X), By = uyp

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type
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Example 1

Let X = L2(0,1) and consider the bilinear control system

{ ur(t) + Au(t) + p(t)Bu(t) =0, t € (0,00) (10)
u(0) = wo(x)
where A and B are defined by

D(A) = H* N H}(0,1), Ap = —5% (1)

B c L£(X), By = uyp

e Ais a self-adjoint accretive operator and —A generates an analytic C%-semigroup.
o eigenvalues and eigenvectors of A:

M = (km)?, @i(x) = V2sin(krx) Yk >1
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Example 1

Let X = L2(0,1) and consider the bilinear control system

{ ur(t) + Au(t) + p(t)Bu(t) =0, t € (0,00) (10)
u(0) = wo(x)
where A and B are defined by

D(A) = H* N H}(0,1), Ap = —5% (1)

B c L£(X), By = uyp

e Ais a self-adjoint accretive operator and —A generates an analytic C%-semigroup.
o eigenvalues and eigenvectors of A:

M = (km)?, @i(x) = V2sin(krx) Yk >1

We want to study the superexponential stabilizability of (27)-(27) to the ground state solution
P = e Mgy
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Example 1

e gap condition:

VA1 — Vi =(k+D)r—kr =7 Vk>1
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Example 1

e gap condition:
VA1 — Vi =(k+D)r—kr =7 Vk>1

e estimate of the Fourier coefficients:

1
(Be1, k) :/0 2p(x) sin(mx) sin(kmx)dx
= 5 () - () +

- ﬁ /O ((x)p1 (x))" cos(kmx)
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Example 1

e gap condition:
VA1 — Vi =(k+D)r—kr =7 Vk>1

o estimate of the Fourier coefficients:
1
(B, k) = / 2p(x) sin(mx) sin(kmx)dx
0
4
= 5 (((U* () - w(0) +
V2
- /O (1(x)i1(x))" cos(kmx)dx
If (Byp1,pk) # 0 Vk € N* and /(1) £ 1/(0) # 0, then we have

[(Bo1,i)| > CA 32, Wk e N™.
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Example 1

e gap condition:
VA1 — Vi =(k+D)r—kr =7 Vk>1

o estimate of the Fourier coefficients:
(B, k) = /01 2p(x) sin(mx) sin(kmx)dx
— o5 (CV* W - (@) +
s [ ey costrr)an
If (Byp1,pk) # 0 Vk € N* and /(1) £ 1/(0) # 0, then we have

[(Bo1,i)| > CA 32, Wk e N™.

EXAMPLE: | Bp(x) = x%¢(x)

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 22 /34




Example 1: conclusion

e The series .
oMt

Z 1(Be1, ox)|?

kEN*

converges for all 7 > 0.
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Example 1: conclusion

e The series .
0T

2 ool

e 1\BP1, oK)

converges for all 7 > 0.
Therefore, our abstract result guarantees that
Ut(t,X) - Uxx(tax) + p(t)X2U(t,X) =0 (ta X) € (07 OO) X (07 1)

u(t,0) =u(t,1)=0
u(0, x) = up(x)

is locally superexponentially stabilizable to 11 (t) = e *t

1
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Example 2 (heat eqn, Neumann bc)
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Example 2 (heat eqn, Neumann bc)

Let Q = [0, 1] and consider the bilinear control system
ut(t,x) - Uxx(tax) + P(t)M(X)U(t, X) = 07 (t,X) S (07 OO) X (Oa 1)

ux(t,0) = uy(t,1) =0
u(0, x) = up(x)
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Example 2

Let X = L2(0,1) and consider the bilinear control system

{ ur(t) + Au(t) + p(t)Bu(t) =0, t € (0,00)
u(0) = up(x).

where A and B are defined by

dx
B € L(X), By = pp

D(A) = {p e H(0.1) : L(0)=0="2(1}, Ap=-2
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Example 2

Let X = L2(0,1) and consider the bilinear control system

{ ur(t) + Au(t) + p(t)Bu(t) =0, t € (0,00)
u(0) = up(x).

where A and B are defined by

dx dx?
B € L(X), By = pp

D(A) = {QOG H2(0,1) : i“ﬁ(o):(): %,f(l)}’ A(,D:—dZ

» Ais a self-adjoint accretive operator and —A generates an analytic C%-semigroup.
o eigenvalues and eigenvectors of A:

Ao =0, po=1
M = (k)2 @k(x) = V2cos(kmx), Vk>1
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Example 2

e gap condition:

VA1 — Vi =(k+ D) —kr=m Vk>1
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Example 2
e gap condition:
VA1 — Vi =(k+ D) —kr=m Vk>1

o estimate of the Fourier coefficients:
(Bp1, 1) = V2 / ) cos(kmx)dx

W2
- (kn)?

1
- % /0 ©" (x) cos(kmx)dx

(-1 - (0))
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Example 2
e gap condition:
VA1 — Vi =(k+ D) —kr=m Vk>1

o estimate of the Fourier coefficients:
(Bp1, 1) = V2 / ) cos(kmx)dx

W2
- (kn)?

1
- % /0 ©" (x) cos(kmx)dx

(-1 - (0))

If (Beo1, k) # 0 Vk € N* and /(1) &+ 1/(0) # 0, then we have

|(Bp1, k)| > CA™Y, Vk>1
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Example 2
e gap condition:
VA1 — Vi =(k+ D) —kr=m Vk>1

o estimate of the Fourier coefficients:
(Bp1, 1) = V2 / ) cos(kmx)dx

W2
- (kn)?

1
- % /0 ©" (x) cos(kmx)dx

(-1 - (0))

If (Beo1, k) # 0 Vk € N* and /(1) &+ 1/(0) # 0, then we have

|(Bp1, k)| > CA™Y, Vk>1

EXAMPLE: | Bp(x) = x%¢(x)
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Example 2: conclusion

e The series
e—2)\k7'

2
S [(Beor, i)

converges for all 7 > 0
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Example 2: conclusion

e The series
e—2)\k’r

2
2= (Bor.ou)]
converges for all 7 > 0

Therefore, our abstract result guarantees that

us(t, x) — to(t, x) + p(t)x%u(t,x) =0, (t,x) € (0,00) x (0,1)
ux(t,0) = ux(t,1)
u(0, x) = up(x)

is locally superexponentially stabilizable to vo(t) = ¢o
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Example 3 (degenerate heat eqn)
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Example 3 (degenerate heat eqn)

Let 0 < & < 2 and consider the bilinear control system

ur — (x%uy), + p(t)pu(x)u =0, (t,x) € (0,00) x (0,1)
B u(t,0) =0, if « €[0,1),
u(t,1) =0, { (xuy) (£,0) =0, ifa € [L,2)

u(0, x) = up(x)

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 27 / 34



Example 3: weakly degenerate case (o < 1)
Let X = L2(0,1) and consider the bilinear control system

{ ur(t) + Au(t) + p(t)Bu(t) =0, t € (0,00)
u(0) = up(x).

where A and B are defined by

D(A) = {u € H1o(0,1) : x7% ¢ Hl(o,l)}, Ap = — 2 (xadu)
B € L(X), By = pp

where

H:0(0,1) = {u € 1%(0,1) : ue AC([0,1]), xa/z% € 1(0,1), u(0) =0, u(l) = o}
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Example 3: weakly degenerate case (o < 1)
Let X = L2(0,1) and consider the bilinear control system

{ ur(t) + Au(t) + p(t)Bu(t) =0, t € (0,00)
u(0) = up(x).

where A and B are defined by
D(A) = {u € H1o(0,1) : x7% ¢ Hl(o,l)}, Ap = — 2 (xadu)
B € L(X), By = pp
where
H:0(0,1) = {u € 1%(0,1) : ue AC([0,1]), xa/z% € 1(0,1), u(0) =0, u(l) = o}

Then

o Ais a self-adjoint accretive operator and —A generates a C%-semigroup of contractions
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Example 3: gap condition (a < 1)
For any v > 0, we denote by
e J, the Bessel function of the first kind and order v
* Ju1 <Ju2 < -+ <Jjyk < ... the sequence of all positive zeros of J,
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Example 3: gap condition (a < 1)
For any v > 0, we denote by
e J, the Bessel function of the first kind and order v
* Ju1 <Ju2 < -+ <Jjyk < ... the sequence of all positive zeros of J,

Set 1 )
1-a P — o

Ve =0T W @ T
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Example 3: gap condition (a < 1)
For any v > 0, we denote by
o J, the Bessel function of the first kind and order v

* Ju1 <Ju2 < -+ <Jjyk < ... the sequence of all positive zeros of J,
Set 1 )
— o — o
Vo i= ky =

2—a’ “ 2
Then eigenvalues and eigenvectors of A are given by :

Aok = Kajoe  (k=1)

 V2ka s , .
Pok(X) = —F— A )| x(1=e)/2 (Jua,kxk ) (k>1)
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Example 3: gap condition (a < 1)
For any v > 0, we denote by
o J, the Bessel function of the first kind and order v

* Ju1 <Ju2 < -+ <Jjyk < ... the sequence of all positive zeros of J,

Set
11—« 2 -«
]ja = s a:: 2

2—«
Then eigenvalues and eigenvectors of A are given by :

Aok = Kajoe  (k=1)

 V2ka s , .
Pok(X) = —F— A )| x(1=e)/2 (Jua,kxk ) (k>1)

So, the gap condition is satisfied :

. . . . 7
\ )\k+1 Y )\k = kcx (Jz/a,k—i-l _.Il/a,k) > ka (,]ua,2 _Jz/a,l) > 1_671'
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Example 3: conclusion

o Taking | u(x) = x*>~%| a long computation shows that

C
(1, 06| > =7 Vhk>1
A
Kk
for some C >0
e So, the series
o e—2)\k’r
2 |(Be1, pk) |2

converges for all 7 > 0
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Example 3: conclusion

o Taking | u(x) = x*>~%| a long computation shows that

C
[{pr o)l 2 57 V=1
)\k

for some C >0
e So, the series

> e
2 [(Bp1, ¢k [?
converges for all 7 > 0

Therefore, our abstract result guarantees that

ue(t, x) — e (t, x) + p(t)x>“u(t,x) =0, (t,x) € (0,00) x Q
ux(t,0) = ux(t,1)
u(0,x) = uo(x)

is locally superexponentially stabilizable to 11
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Exact controllability to the ground state solution

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t >0)
u(0) = up

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type
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Exact controllability to the ground state solution

u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
{ u(0) = uo g (%)

Theorem

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

\//\k+1—\/>\_ka Vk >1
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Exact controllability to the ground state solution

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
u(0) = up

Theorem

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

\/’\k+1—\/)\_kZ’Y Vk >1

Let B : X — X be a linear bounded operator satisfying the following

(Bp1,1) #0 &  3b,g>0 suchthat A]|(Bpi,pk)| >b Vk>1

(%)

(%)
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Exact controllability to the ground state solution

u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
{ u(0) = uo g (%)

Theorem

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

\/’\k+1—\/)\_k2’)’ Vk >1

Let B : X — X be a linear bounded operator satisfying the following

(Bp1,1) #0 &  3b,g>0 suchthat A]|(Bpi,pk)| >b Vk>1 (x*)

Then for any T > 0 there exists Rt > 0 such that, for any uy € Br, (1), the solution to (S) can be
steered to the ground state solution in time T by some control p € L?(0, T)
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Exact controllability to the ground state solution

u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
{ u(0) = uo g (%)

Theorem

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

vAk+1—\/>\_ka Vk >1

Let B : X — X be a linear bounded operator satisfying the following

(Bp1,1) #0 &  3b,g>0 suchthat A]|(Bpi,pk)| >b Vk>1 (x*)

Then for any T > 0 there exists Rt > 0 such that, for any uy € Br, (1), the solution to (S) can be
steered to the ground state solution in time T by some control p € L?(0, T)

Notice that (xx) is satisfied by all the above examples. Moreover

—2AkT

(%) = <oo Vr>0

Z| (Bop1, p)|?
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Global exact controllability on a strip

P. Cannarsa (Rome Tor Vergata)

{

u'(t) + Au(t) + p(t)Bu(t) =0 (t > 0)
u(0) = up
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Global exact controllability on a strip
u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
u(0) = up

Theorem

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

\/’\k+1—\/)\_kZ’Y Vk >1

Let B : X — X be a linear bounded operator satisfying the following

(Bp1,01) #0 &  3b,q>0 suchthat A]|(Bpi,pk)| >b Vk>1

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 31/34

(%)




Global exact controllability on a strip
{ u'(t) + Au(t) + p(t)Bu(t) =0 (t>0) (S)
u(0) = up
Theorem

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

Vaii — VA >y Vk>1

Let B : X — X be a linear bounded operator satisfying the following

(Bp1,01) #0 &  3b,q>0 suchthat A]|(Bpi,pk)| >b Vk>1 (%)
Then there exists r; > 0 such that for all 0 < r < rp and all R > 0 there exists T, g > 0 such that for
all up € X in the strip
|<U07Q01> - 1| S r,
|luo — (o, p1)nl| < R,

the solution to (S) can be steered to the ground state solution 1 (t) = e~ it
control p € L%(0, T, g)

P. Cannarsa (Rome Tor Vergata)

@1 in time T, r by some
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Global exact controllability outside o7

P. Cannarsa (Rome Tor Vergata)

{

u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
u(0) = up

Bilinear control for evolution equations of parabolic type
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Global exact controllability outside o1

u'(t) +Au(t) + p(t)Bu(t) =0 (t>0
{u((o)):uo() p(t)Bu(t) =0 (t>0) (s)

Corollary

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

\/}‘k+1—\/)\_k2”)/ Vk >1

Let B : X — X be a linear bounded operator satisfying the following

(Bp1,p1) # 0 & db,q >0 suchthat AJ|[(Bpi, k)| >b Vk>1 (%)
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Global exact controllability outside o1

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
u(0) = up
Corollary

Suppose there exists a constant v > 0 such that the eigenvalues of A fulfill the gap condition

\//\k+1—\//\—kZ’y Vk >1

Let B : X — X be a linear bounded operator satisfying the following
(Bp1,p1) # 0 &  3b,q>0 suchthat A]|(Bpi,pk)| >b Vk>1
If {ug, 1) # 0, then for every R > O there exists Tg > 0 such that for all uy satisfying

|luo = (o, 1)l < Rl(uo, p1)]

the solution to (S) can be steered to {ug, 1)1 in time Tr some control p € L%(0, Tg)

(%)

(x#)

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 32 /34




Conclusions

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type



Conclusions
Under the gap condition

VaMar— VA 2y >0 Vk>1

for the eigenvalues of A, we have shown that the control system

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t>0)
u(0) = up

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type

33/ 34

(%)



Conclusions
Under the gap condition

VA1 — VA >y >0 Vk>1
for the eigenvalues of A, we have shown that the control system

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t>0) (s)
u(0) = up

o locally superexponentially stabilizable to v;(t) = e"*tp; provided that

e—2)\k'r
(Bor, o) #0 Vk>1 &  3I7>0 such that Z

- <
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P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 33 /34



Conclusions
Under the gap condition

Vil =V 2y >0 Yk>1

for the eigenvalues of A, we have shown that the control system

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t>0) (s)
u(0) = up

o locally superexponentially stabilizable to v;(t) = e"*tp; provided that

e—2)\k'r
(Bor, o) #0 Vk>1 &  3I7>0 such that Z

- <
Bops, k) |?

o locally exactly controllable to v1(t) = e *tp; in any time T > 0 provided that

(Bp1,p1) #0 & 3b,q >0 suchthat AJ|(Bpi, k)| >b Vk>1 (*x)
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for the eigenvalues of A, we have shown that the control system

{ u'(t) + Au(t) + p(t)Bu(t) =0 (t>0) (s)
u(0) = up

o locally superexponentially stabilizable to v;(t) = e"*tp; provided that

e—2)\k‘r
(Bor, o) #0 Vk>1 &  3I7>0 such that Z

- <
Bops, k) |?

o locally exactly controllable to v1(t) = e *tp; in any time T > 0 provided that

(Bp1,p1) #0 & 3b,q >0 suchthat AJ|(Bpi, k)| >b Vk>1 (*x)

This approach can be extended to suitable classes of (unbounded) operators B : D(B) C X — X
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Best wishes to Jean-Pierre!
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