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Control systems

In a given Banach space X

Dynamical system: u′ = f (u,p
↑↑↑

)

control function

where

• u : [0,T ]→ X is the state variable

• p is the control
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Additive control for linear systems

{
u′(t) + Au(t) + Bp(t) = 0 t ∈ [0,T ]

u(0) = u0

where

• A : D(A) ⊂ X → X is the infinitesimal generator of a strongly continuous semigroup of
bounded linear operators on X

• B : D(B) ⊂ X → X is a linear operator on X that can be either bounded (locally
distributed control) or unbounded (boundary control)

• p : [0,T ]→ X is the control
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Bilinear control system

{
u′(t) + Au(t) + p(t)Bu(t) = 0 t ∈ [0,T ]
u(0) = u0

In this talk:

• the state space
(
X , 〈·, ·〉

)
is a Hilbert space

• B : X → X is a bounded linear operator

• p : [0,T ]→ R is scalar function
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What are the difficulties?
The map ΦΦΦ : p 7→ u is

Additive control: Locally distributed control: Bilinear control:{
u′ + Au + Bp = 0
u(0) = u0


u′ + Au + Bu + p1ω = 0
u = g |∂Ω

u(0) = u0

{
u′ + Au + pBu = 0
u(0) = u0

yyy
linear

linear
yyy

nonlinear

Theorem (Ball, Marsden, Slemrod 1982)

Let X be a Banach space with dim(X)=+∞. Let A generate a C 0-semigroup of bounded linear operators on X
and B : X → X be a bounded linear operator. Let u0 ∈ X be fixed, and let u(t; p, u0) denote the unique
solution of (1) for p ∈ L1

loc([0,+∞),R). The set of states accessible from u0 defined by

S(u0) = {u(t; p, u0); t ≥ 0, p ∈ Lr
loc([0,+∞),R), r > 1}

is contained in a countable union of compact subsets of X and, in particular, has a dense complement.
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An obstruction to exact controllability

Boundary control: Locally distributed control: Bilinear control:
u′ = Au + Bu
u = p|∂Ω

u(0) = u0


u′ = Au + Bu + p1ω
u = g |∂Ω

u(0) = u0

{
u′ + Au + pBu = 0
u(0) = u0

(1)

yyy
linear

yyy
linear

yyy
nonlinear

Let u0 ∈ X and denote by u(·; p, u0) the unique solution of (1) for p ∈ L1
loc(0,∞).

Theorem (Ball, Marsden, Slemrod 1982)

If dimX =∞, then the attainable set from u0

S(u0) =
{
u(t; p, u0); t ≥ 0, p ∈ L1

loc(0,∞)
}

is contained in a countable union of compact subsets of X . So, X \ S(u0) is dense.
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Motivations
Bilinear controls enter the system equations as coefficients chenging (at least some of) the
principal parameters of the process at hand

Examples

• by embedded smart alloys, the natural
frequency response of a beam can be
changed

• the rate of a chemical reaction can be
altered by various catalysts and/or by the
speed at which the reaction ingredients
are mechanically mixed
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A simplified model of a nuclear chain reaction
A chain reaction refers to a process in which neutrons released in fission produce an additional
fission in at least one further nucleus. This nucleus in turn produces neutrons, and the process
repeats. The process may be controlled (nuclear power) or uncontrolled (nuclear weapons).

ut = a2∆u + v(t, x)u

• u(t, x) ≥ 0 neutron density in the
reaction

• v(t, x) > 0 neutron amount in the
surrounding medium

• v(t, x)u neutrons provided by the
collision of the particles in the reaction
with the surrounding medium
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Schrödinger equation
The Schrödinger equation is a linear partial differential equation that describes the wave
function or state function of a quantum-mechanical system

iψt = −∆ψ − p(t)µ(x)ψ

• ψ wave function of a particle
• p amplitude of the electric field
• µ dipolar moment of the particle
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A look at stabilization

Figure: Jean-Pierre inspired by James Stewart
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Notions of stabilizability {
u′ + Au + pBu = 0 (t > 0)
u(0) = u0

(2)

Let p̄ ∈ L1
loc(0,∞) and let ū0 ∈ X

Definitions

• (2) is locally stabilizable to u(·; ū0, p̄) if ∃ δ > 0 such that for all u0 ∈ Bδ(ū0) there exists
p ∈ L1

loc(0,∞) such that lim
t→+∞

||u(t; u0, p)− u(t; ū0, p̄)|| = 0

• (2) is locally exponentially stabilizable to u(·; ū0, p̄) if ∃M, δ, ρ > 0 such that for all u0 ∈ Bδ(ū0)
there exist p ∈ L1

loc(0,∞) satisfying

||u(t; u0, p)− u(t; ū0, p̄)|| ≤ Me−ρt ∀t > 0

• (2) is locally superexponentially stabilizable to u(·; ū0, p̄) if for any ρ > 0 there exists δ > 0 such
that, ∀ u0 ∈ Bδ(ū0), it holds that

||u(t; u0, p)− ū(t; ū0, p̄)|| ≤ Me−ρe
ωt

∀t > 0

for some constants ∃M, ω > 0
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that, ∀ u0 ∈ Bδ(ū0), it holds that
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there exist p ∈ L1

loc(0,∞) satisfying
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p ∈ L1

loc(0,∞) such that lim
t→+∞

||u(t; u0, p)− u(t; ū0, p̄)|| = 0
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Assumptions

Let (X , 〈·, ·〉) be a separable Hilbert space and AAA : D(AAA) ⊂ X → X a densely defined linear
operator with the following properties:

(a) AAA is self-adjoint
(b) 〈AAAx , x〉 ≥ 0 ∀x ∈ D(AAA)
(c) D(AAA) ⊆ X is compact

(3)

yyy
1. X has an orthonormal basis {ϕkϕkϕk}k∈N∗ of eigenvectors of AAA

2. the eigenvalues {λkλkλk}k∈N∗ of AAA are nonnegative and λkλkλk → +∞ as k → +∞
3. −AAA generates a strongly continuous semigroup of contractions e−tAAA
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Preliminaries
Given T > 0, consider the bilinear control problem{

u′(t) +AAAu(t) + p(t)BBBu(t) = 0, t ∈ [0,T ]
u(0) = u0

(4)

where BBB ∈ L(X ) and p ∈ L2(0,T )

Consider system (4) with p = 0: {
u′(t) +AAAu(t) = 0, t ∈ [0,T ]
u(0) = ϕ1ϕ1ϕ1.

The solution ψ1(t) = e−λ1λ1λ1tϕ1ϕ1ϕ1 is called the ground state solutionground state solutionground state solution

Remark

If 〈AAAx , x〉 ≥ ν|x |2 (ν > 0), then p = 0 yields

||u(t)− ψ1(t)|| = ||e−tAAAu0 − e−tAAAϕ1ϕ1ϕ1|| ≤ e−νt ||u0 −ϕ1ϕ1ϕ1||

So, (4) is locally exponentially (but not superexponentially) stabilizable to ψ1
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Superexponential stabilizability{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0 (t > 0)
u(0) = u0

Theorem

Suppose there exists a constant γ > 0 such that the eigenvalues of AAA fulfill the gap condition√
λk+1λk+1λk+1 −

√
λkλkλk ≥ γ ∀k ≥ 1

Let BBB : X → X be a linear bounded operator with the following properties:

〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 6= 0 ∀k ≥ 1 & ∃ τ > 0 such that
∞∑
k=1

e−2λkλkλkτ

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉|2
<∞ (?)

Then, ∀ ρ > 0, ∃R > 0 such that any u0 ∈ BR(ϕ1ϕ1ϕ1) admits a control p ∈ L2
loc(0,∞) such that

||u(t)− ψ1(t)|| ≤ Me−ρe
ωt−λ1λ1λ1t ∀t ≥ 0

where M and ω are positive constants depending only on A and B
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∞∑
k=1

e−2λkλkλkτ

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉|2
<∞ (?)

Then, ∀ ρ > 0, ∃R > 0 such that any u0 ∈ BR(ϕ1ϕ1ϕ1) admits a control p ∈ L2
loc(0,∞) such that

||u(t)− ψ1(t)|| ≤ Me−ρe
ωt−λ1λ1λ1t ∀t ≥ 0

where M and ω are positive constants depending only on A and B
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Sketch of the proof, λ1 = 0
Fix T > τ where τ > 0 is given by (?){

u′(t) +AAAu(t) + p(t)BBBu(t) = 0, t ∈ [0,T ]
u(0) = u0

{
ψ′1(t) +AAAψ1(t) = 0, t ∈ [0,T ]
ψ1(0) = ϕ1ϕ1ϕ1

v := u − ψ1

v0

0

0 T

v̄(t; v0, p)

v(T ; v0, p)

2T

0

v̄(t; v(T ), p)
v(2T ; v0, p)

3T

0v̄(t; v(2T ), p)

v(3T ; v0, p)
0

||p||L2(0,T ) ≤ C3(T )ΛT ||v0||1/2. (5)

||w(T )|| = ||v(T )|| ≤ KT ||v0||2. (6)
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The moment method{
v ′(t) +AAAv(t) + ppp(t)BBBv(t) + ppp(t)BBBψ1(t) = 0
v(0) = v0 = u0 −ϕ1ϕ1ϕ1

{
v̄(t)′ +AAAv̄(t) + ppp(t)BBBψ1(t) = 0
v̄(0) = v0

Lemma

Let T > τ . Then there exists a control p ∈ L2(0,T ) such that v̄(T ) = 0. Moreover

||p||L2(0,T ) ≤ ΛT ||v0|| (P)

Proof. By looking at the Fourier expansion of v̄ , we conclude that v̄(T ) = 0 is equivalent to∫ T

0
eλk sp(s)ds =

〈v0, ϕk〉
〈Bϕ1, ϕk〉

=⇒ p(s) =
∞∑
k=1

〈v0, ϕk〉
〈Bϕ1, ϕk〉

σk(s)

where {σk}k≥1 is biorthogonal to {eλk s}k≥1. Bounds for {σk}k≥1 and (?) can be used to
obtain (P), thus ensuring that the above series converges in L2(0,T )
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Sketch of the proof, λ1 = 0

• ||v(nT )|| ≤ 1

KT
(KT ||v0||)2n ∀n ≥ 0 (8)

• In any time interval [nT , (n + 1)T ] we prove that

||v(t)|| ≤ CT ||v(nT )|| nT ≤ t ≤ (n + 1)T (9)

• Let θ ∈ (0, 1) and ||v0|| ≤ θ
KT

. Combining (8) and (9), we obtain

||u(t)− ψ1(t)|| ≤ CT

KT
θ2t/T−1 ∀t ≥ 0

• Let θ ∈ (0, 1) and let ρ > 0 be the value for which θ = e−2ρ. Rhen ∃ Rρ > 0 such that,
for all ||u0 −ϕ1ϕ1ϕ1|| ≤ Rρ, we have

||u(t)−ϕ1ϕ1ϕ1|| ≤ MT e
−ρeωT t

∀t ≥ 0

with MT , ωT > 0 suitable constants
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||u(t)−ϕ1ϕ1ϕ1|| ≤ MT e
−ρeωT t

∀t ≥ 0

with MT , ωT > 0 suitable constants
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Sketch of the proof, λ1 > 0

We introduce the operator
A1 := AAA− λ1λ1λ1I .

Notice that A1 : D(A1) ⊂ X → X is self-adjoint, accretive and −A1 generates a strongly
continuous semigroup of contractions. Its eigenvalues are given by

µk = λkλkλk − λ1λ1λ1, ∀k ∈ N∗

(in particular, µ1 = 0) and A1 has the same eigenfunctions as AAA, {ϕkϕkϕk}k≥1. Moreover, the
family {µk}k≥1 satisfies the same gap condition that is satisfied by the eigenvalues of AAA
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Sketch of the proof, λ1 > 0

We define z(t) = eλ1λ1λ1tu(t). Then{
z ′(t) + A1z(t) + p(t)BBBz(t) = 0 (t > 0)
z(0) = u0.

So, we can apply the previous analysis to this problem:

||z(t)−ϕ1ϕ1ϕ1|| ≤ MT e
−ρeωT t

∀t ≥ 0

Therefore, returning to u,

||u(t)− ψ1(t)|| = ||e−λ1λ1λ1tz(t)− e−λ1λ1λ1tϕ1ϕ1ϕ1|| = e−λ1λ1λ1t ||z(t)−ϕ1ϕ1ϕ1|| ≤ MT e
−(ρeωT t+λ1λ1λ1t) ∀t ≥ 0
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Example 1 (heat eqn, Dirichlet bc)

Consider the bilinear control system
ut(t, x)− uxx(t, x) + p(t)µ(x)u(t, x) = 0, (t, x) ∈ (0,∞)× (0, 1)
u(t, 0) = u(t, 1) = 0
u(0, x) = u0(x)
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Example 1
Let X = L2(0, 1) and consider the bilinear control system{

ut(t) +AAAu(t) + p(t)BBBu(t) = 0, t ∈ (0,∞)
u(0) = u0(x)

(10)

where AAA and BBB are defined by

D(AAA) = H2 ∩ H1
0 (0, 1), AAAϕ = −d2ϕ

dx2

BBB ∈ L(X ), BBBϕ = µϕ
(11)

• AAA is a self-adjointself-adjointself-adjoint accretiveaccretiveaccretive operator and −AAA generates an analyticanalyticanalytic C 0-semigroup.

• eigenvalues and eigenvectors of AAA:

λkλkλk = (kπ)2, ϕkϕkϕk(x) =
√

2 sin(kπx) ∀k ≥ 1

We want to study the superexponential stabilizability of (27)-(27) to the ground state solution
ψ1 = e−λ1λ1λ1tϕ1ϕ1ϕ1
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Example 1

• gap condition: √
λk+1λk+1λk+1 −

√
λkλkλk = (k + 1)π − kπ = π ∀k ≥ 1

• estimate of the Fourier coefficients:

〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 =

∫ 1

0
2µ(x) sin(πx) sin(kπx)dx

=
4

k3

(
(−1)k+1µ′(1)− µ′(0)

)
+

−
√

2

(kπ)3

∫ 1

0
(µ(x)ϕ1ϕ1ϕ1(x))′′′ cos(kπx)dx

If 〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 6= 0 ∀k ∈ N∗ and µ′(1)± µ′(0) 6= 0, then we have

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ Cλkλkλk
−3/2, ∀k ∈ N∗.

EXAMPLEEXAMPLEEXAMPLE: BBBϕ(x) = x2ϕ(x)
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Example 1: conclusion

• The series ∑
k∈N∗

e−2λkλkλkτ

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉|2

converges for all τ > 0.

Therefore, our abstract result guarantees that
ut(t, x)− uxx(t, x) + p(t)x2u(t, x) = 0 (t, x) ∈ (0,∞)× (0, 1)
u(t, 0) = u(t, 1) = 0
u(0, x) = u0(x)

is locally superexponentially stabilizable to ψ1(t) = e−λ1λ1λ1tϕ1ϕ1ϕ1

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 23 / 34



Example 1: conclusion

• The series ∑
k∈N∗

e−2λkλkλkτ

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉|2

converges for all τ > 0.

Therefore, our abstract result guarantees that
ut(t, x)− uxx(t, x) + p(t)x2u(t, x) = 0 (t, x) ∈ (0,∞)× (0, 1)
u(t, 0) = u(t, 1) = 0
u(0, x) = u0(x)

is locally superexponentially stabilizable to ψ1(t) = e−λ1λ1λ1tϕ1ϕ1ϕ1

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 23 / 34



Example 2 (heat eqn, Neumann bc)

Let Ω = [0, 1] and consider the bilinear control system
ut(t, x)− uxx(t, x) + p(t)µ(x)u(t, x) = 0, (t, x) ∈ (0,∞)× (0, 1)
ux(t, 0) = ux(t, 1) = 0
u(0, x) = u0(x)
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Example 2
Let X = L2(0, 1) and consider the bilinear control system{

ut(t) +AAAu(t) + p(t)BBBu(t) = 0, t ∈ (0,∞)
u(0) = u0(x).

where AAA and BBB are defined by

D(AAA) =
{
ϕ ∈ H2(0, 1) : dϕ

dx (0) = 0 = dϕ
dx (1)

}
, AAAϕ = −d2ϕ

dx2

BBB ∈ L(X ), BBBϕ = µϕ

• AAA is a self-adjointself-adjointself-adjoint accretiveaccretiveaccretive operator and −AAA generates an analyticanalyticanalytic C 0-semigroup.

• eigenvalues and eigenvectors of AAA:

λ0 = 0, ϕ0 = 1

λkλkλk = (kπ)2, ϕkϕkϕk(x) =
√

2 cos(kπx), ∀k ≥ 1
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Example 2

• gap condition: √
λk+1λk+1λk+1 −

√
λkλkλk = (k + 1)π − kπ = π ∀k ≥ 1

• estimate of the Fourier coefficients:

〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 =
√

2

∫ 1

0
µ(x) cos(kπx)dx

=

√
2

(kπ)2

(
µ′(1)(−1)k − µ′(0)

)
−−

√
2

(kπ)2

∫ 1

0
µ′′(x) cos(kπx)dx

If 〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 6= 0 ∀k ∈ N∗ and µ′(1)± µ′(0) 6= 0, then we have

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ Cλkλkλk
−1, ∀k ≥ 1

EXAMPLEEXAMPLEEXAMPLE: BBBϕ(x) = x2ϕ(x)
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Example 2: conclusion

• The series ∑
k∈N∗

e−2λkλkλkτ

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉|2

converges for all τ > 0

Therefore, our abstract result guarantees that
ut(t, x)− uxx(t, x) + p(t)x2u(t, x) = 0, (t, x) ∈ (0,∞)× (0, 1)
ux(t, 0) = ux(t, 1)
u(0, x) = u0(x)

is locally superexponentially stabilizable to ψ0(t) = ϕ0ϕ0ϕ0

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 26 / 34



Example 2: conclusion

• The series ∑
k∈N∗

e−2λkλkλkτ

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉|2

converges for all τ > 0

Therefore, our abstract result guarantees that
ut(t, x)− uxx(t, x) + p(t)x2u(t, x) = 0, (t, x) ∈ (0,∞)× (0, 1)
ux(t, 0) = ux(t, 1)
u(0, x) = u0(x)

is locally superexponentially stabilizable to ψ0(t) = ϕ0ϕ0ϕ0

P. Cannarsa (Rome Tor Vergata) Bilinear control for evolution equations of parabolic type 26 / 34



Example 3 (degenerate heat eqn)

Let 0 ≤ α < 2 and consider the bilinear control system
ut − (xαux)x + p(t)µ(x)u = 0, (t, x) ∈ (0,∞)× (0, 1)

u(t, 1) = 0,

{
u(t, 0) = 0, if α ∈ [0, 1),

(xαux) (t, 0) = 0, if α ∈ [1, 2)

u(0, x) = u0(x)
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Example 3: weakly degenerate case (α < 1)
Let X = L2(0, 1) and consider the bilinear control system{

ut(t) +AAAu(t) + p(t)BBBu(t) = 0, t ∈ (0,∞)
u(0) = u0(x).

where AAA and BBB are defined by

D(AAA) =
{
u ∈ H1

α,0(0, 1) : xα du
dx ∈ H1(0, 1)

}
, AAAϕ = − d

dx (xα du
dx )

BBB ∈ L(X ), BBBϕ = µϕ

where

H1
α,0(0, 1) =

{
u ∈ L2(0, 1) : u ∈ AC ([0, 1]), xα/2 du

dx
∈ L2(0, 1), u(0) = 0, u(1) = 0

}

Then

• AAA is a self-adjointself-adjointself-adjoint accretiveaccretiveaccretive operator and −AAA generates a C 0-semigroup of contractions
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Example 3: gap condition (α < 1)
For any ν ≥ 0, we denote by

• JνJνJν the Bessel function of the first kind and order ν

• jν,1 < jν,2 < · · · < jν,k < . . .jν,1 < jν,2 < · · · < jν,k < . . .jν,1 < jν,2 < · · · < jν,k < . . . the sequence of all positive zeros of Jν

Set

να :=
1− α
2− α

, kα :=
2− α

2
.

Then eigenvalues and eigenvectors of AAA are given by :

λα,kλα,kλα,k = k2
αj

2
α,k (k ≥ 1)

ϕα,k(x)ϕα,k(x)ϕα,k(x) =

√
2kα

|J ′να(jνα,k)|
x (1−α)/2Jνα

(
jνα,kx

kα
)

(k ≥ 1)

So, the gap condition is satisfied :√
λk+1 −

√
λk = kα (jνα,k+1 − jνα,k) ≥ kα (jνα,2 − jνα,1) ≥ 7

16
π
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Then eigenvalues and eigenvectors of AAA are given by :

λα,kλα,kλα,k = k2
αj

2
α,k (k ≥ 1)

ϕα,k(x)ϕα,k(x)ϕα,k(x) =

√
2kα

|J ′να(jνα,k)|
x (1−α)/2Jνα

(
jνα,kx

kα
)

(k ≥ 1)

So, the gap condition is satisfied :√
λk+1 −

√
λk = kα (jνα,k+1 − jνα,k) ≥ kα (jνα,2 − jνα,1) ≥ 7

16
π
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Example 3: conclusion
• Taking µ(x) = x2−α a long computation shows that

|〈µϕ1, ϕk〉| ≥
C

λ
3/2
k

∀k ≥ 1

for some C > 0
• So, the series

∞∑
k=1

e−2λkλkλkτ

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉|2

converges for all τ > 0

Therefore, our abstract result guarantees that
ut(t, x)− uxx(t, x) + p(t)x2−αu(t, x) = 0, (t, x) ∈ (0,∞)× Ω
ux(t, 0) = ux(t, 1)
u(0, x) = u0(x)

is locally superexponentially stabilizable to ψ1
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Exact controllability to the ground state solution{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0 (t > 0)
u(0) = u0

(S)

Theorem

Suppose there exists a constant γ > 0 such that the eigenvalues of AAA fulfill the gap condition√
λk+1λk+1λk+1 −

√
λkλkλk ≥ γ ∀k ≥ 1

Let BBB : X → X be a linear bounded operator satisfying the following

〈BBBϕ1ϕ1ϕ1,ϕ1ϕ1ϕ1〉 6= 0 & ∃ b, q > 0 such that λqkλ
q
kλ
q
k |〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ bbb ∀k > 1 (??)

Then for any T > 0 there exists RT > 0 such that, for any u0 ∈ BRT
(ϕ1), the solution to (S) can be

steered to the ground state solution in time T by some control p ∈ L2(0,T )

Notice that (??) is satisfied by all the above examples. Moreover

(??) =⇒
∞∑
k=1

e−2λkλkλkτ

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉|2
<∞ ∀τ > 0
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Global exact controllability on a strip{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0 (t > 0)
u(0) = u0

(S)

Theorem

Suppose there exists a constant γ > 0 such that the eigenvalues of AAA fulfill the gap condition√
λk+1λk+1λk+1 −

√
λkλkλk ≥ γ ∀k ≥ 1

Let BBB : X → X be a linear bounded operator satisfying the following

〈BBBϕ1ϕ1ϕ1,ϕ1ϕ1ϕ1〉 6= 0 & ∃ b, q > 0 such that λqkλ
q
kλ
q
k |〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ bbb ∀k > 1 (??)

Then there exists r1 > 0 such that for all 0 < r < r1 and all R > 0 there exists Tr ,R > 0 such that for
all u0 ∈ X in the strip

|〈u0,ϕ1ϕ1ϕ1〉 − 1| ≤ r ,
||u0 − 〈u0,ϕ1ϕ1ϕ1〉ϕ1ϕ1ϕ1|| ≤ R,

the solution to (S) can be steered to the ground state solution ψ1(t) = e−λ1t ϕ1ϕ1ϕ1 in time Tr ,R by some
control p ∈ L2(0,Tr ,R)
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Global exact controllability outside ϕ⊥1{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0 (t > 0)
u(0) = u0

(S)

Corollary

Suppose there exists a constant γ > 0 such that the eigenvalues of AAA fulfill the gap condition√
λk+1λk+1λk+1 −

√
λkλkλk ≥ γ ∀k ≥ 1

Let BBB : X → X be a linear bounded operator satisfying the following

〈BBBϕ1ϕ1ϕ1,ϕ1ϕ1ϕ1〉 6= 0 & ∃ b, q > 0 such that λqkλ
q
kλ
q
k |〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ bbb ∀k > 1 (??)

If 〈u0,ϕ1ϕ1ϕ1〉 6= 0, then for every R > 0 there exists TR > 0 such that for all u0 satisfying

||u0 − 〈u0,ϕ1ϕ1ϕ1〉ϕ1ϕ1ϕ1|| ≤ R|〈u0,ϕ1ϕ1ϕ1〉|

the solution to (S) can be steered to 〈u0,ϕ1ϕ1ϕ1〉ψ1 in time TR some control p ∈ L2(0,TR)
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Conclusions

Under the gap condition √
λk+1λk+1λk+1 −

√
λkλkλk ≥ γ > 0 ∀k ≥ 1

for the eigenvalues of AAA, we have shown that the control system{
u′(t) +AAAu(t) + p(t)BBBu(t) = 0 (t > 0)
u(0) = u0

(S)

is :

• locally superexponentially stabilizable to ψ1(t) = e−λ1λ1λ1tϕ1ϕ1ϕ1 provided that

〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉 6= 0 ∀k ≥ 1 & ∃ τ > 0 such that
∞∑
k=1

e−2λkλkλkτ

|〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉|2
<∞ (?)

• locally exactly controllable to ψ1(t) = e−λ1λ1λ1tϕ1ϕ1ϕ1 in any time T > 0 provided that

〈BBBϕ1ϕ1ϕ1,ϕ1ϕ1ϕ1〉 6= 0 & ∃ b, q > 0 such that λqkλ
q
kλ
q
k |〈BBBϕ1ϕ1ϕ1,ϕkϕkϕk〉| ≥ bbb ∀k > 1 (??)

This approach can be extended to suitable classes of (unbounded) operators BBB : D(BBB) ⊂ X → X
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Best wishes to Jean-Pierre!

Thank you
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